Abstract: Acceptance sampling is one of the essential areas of quality control. In a conventional environment, probability theory is used to study acceptance sampling plans. In some situations, it is not possible to apply conventional techniques due to vagueness in the values emerging from the complexities of processor measurement methods. There are two types of acceptance sampling plans: attribute and variable. One of the important elements in attribute acceptance sampling is the proportion of defective items. In some situations, this proportion is not a precise value, but vague. In this case, it is suitable to apply flexible techniques to study the fuzzy proportion. Fuzzy set theory is used to investigate such concepts. It is observed there is no research available to apply Birnbaum-Saunders distribution in fuzzy acceptance sampling. In this article, it is assumed that the proportion of defective items is fuzzy and follows the Birnbaum-Saunders distribution. A single acceptance sampling plan, based on binomial distribution, is used to design the fuzzy operating characteristic (FOC) curve. Results are illustrated with examples. One real-life example is also presented in the article. The results show the behavior of curves with different combinations of parameters of Birnbaum-Saunders distribution. The novelty of this study is to use the probability distribution function of Birnbaum-Saunders distribution as a proportion of defective items and find the acceptance probability in a fuzzy environment. This is an application of Birnbaum-Saunders distribution in fuzzy acceptance sampling.
Introduction
An acceptance sampling plan is used to determine how many units can be selected from a lot, or consignment, and how many defective units are allowed in that sample. If the number of defective units is above the preset number of defective items, the lot is excluded. According to the rule of acceptance sampling, quality can be monitored by checking a few units from the whole lot. The plan that mentions guidelines for sampling and the associated criteria for accepting or rejecting a lot is called the acceptance sampling plan. This acceptance sampling plan can be implemented to check raw material, the material in a process or finished goods. An acceptance sampling plan can be classified as an attribute acceptance sampling plan and a variable acceptance sampling plan. An acceptance sampling plan can be classified with further attributes as a single sampling plan, double sampling plan, multiple sampling plans, and sequential sampling plan. An elementary acceptance sampling plan is a single sampling plan. In a single sampling plan, we select (n) units from the authors proposed an application of Weibull distribution in an acceptance sampling plan in the fuzzy environment and calculated fuzzy acceptance probabilities for different sample sizes using real-life data. In Reference [21] the authors proposed truncated life time, based on the Birnbaum-Saunders (BS) distribution. This distribution is used to define the number of stress cycles until failure of the material. In Reference [22] the authors applied the concept of the failure process of materials due to weariness, to design the BS distribution. Estimation of parameters based on crack length data was proposed in Reference [23] . In Reference [24] the authors presented a literature review of the BS distribution and discussed in detail the importance of this distribution and its application in different fields. In this study [25] , they developed an acceptance sampling plan using the BS distribution to get the minimum sample size, n.
The aim of this article was to apply a single acceptance sampling plan when data were fuzzy and the proportion of defective items followed the BS distribution. According to the best of our knowledge, there is no work on the fuzzy plan using the BS distribution in the literature. In this paper, we will develop the fuzzy sampling plan using this distribution. The application of the proposed sampling will be given with the aid of a real example.
Materials and Methods

Design of Proposed Plan
Probability distribution function (Pdf) of BS distribution
where α is the shape parameter and λ is the scale parameter, Φ(.) is the standard normal cumulative function and ξ(t/λ) = t λ − λ t . It can be shown that the median of the BS distribution is equal to the scale parameter and the mean of the BS distribution is
Here we write the assumptions for the BS distribution. Let t 0 = aµ 0 ; a be called the termination ratio. The cumulative distribution function (Cdf) given in Equation (5) can be rewritten as
The acceptance probability According to [26] , the acceptance probability of sampling plans can be obtained by using the binomial distribution. The lot acceptance probability of a lot in a single acceptance sampling plan (SASP) case is given as
The proportion of defective items in the fuzzy form. According to the equation proposed by the authors of Reference [27] .
where p is the F T (t 0 , α, λ) in Equation (4) . Fuzzy acceptance probability According to Reference [11] , the fuzzy acceptance probability can be calculated as
The fuzzy acceptance probability when the number of defective items, c = 0, and α = 0
The fuzzy acceptance probability based when the number of defective items, c = 1 and α = 0
are calculated using CDF of the BS distribution
The design for a single acceptance sampling plan (ASP) to generate a fuzzy operating characteristic curve (FOC)
Step 1. The sample size for a lot is n.
Step 2. Specify the acceptance number (or action limit) c for a sample and the experiment time t 0 .
Step 3. Perform the experiment for the sample size n and record the number of failures for a sample.
Step 4. Accept the lot if at most c failures are observed in the sample. Truncate the experiment and reject the lot if more than c failures are observed in the sample.
Step 5. Calculation of fuzzy p (proportion of defective items) using Equation (6).
Step 6. Calculation of fuzzy acceptance probability using Equations (10) and (11).
Step 7. Design of fuzzy OC curve (FOC) includes k and the acceptance probability, where k is the transformation of the fuzzy proportion of defective items.
The advantage of the fuzzy OC curve is that it is flexible and can be applied when the proportion of defective items is fuzzy. Secondly, the width of the fuzzy OC curve indicates the quality. Where the wider the width, the lesser the quality, and vice versa. In this study, the width of the fuzzy OC curve is influenced by the mean ratio. When the mean ratio is higher, the width of the band decreases. When the mean ratio is lower, the width increases. The advantage of this approach is that it can be applied to study any fuzzy data, which follows the BS distribution. This approach is more flexible than conventional p because it considers intermediate values of the fuzzy curve.
The fuzzy proportion of defective item k at α = 0 is denoted by p K [0] and the fuzzy acceptance probability as P K (0) [0] . Values for sample size n = 5 and acceptance number c = 0, will therefore be (0.00, 0.001), and (0.95, 0.96), respectively at k = 0.01. Similarly, values of proportion and acceptance probability for sample size n = 5 and acceptance number c = 0, will be (0.052, 0.054) and (0.77, 0.78), respectively at k = 0.01. Furthermore, the fuzzy proportion of defective item k at α = 0 is denoted by p K [0] and the fuzzy acceptance probability as P K (1) [0] . These values for sample size n = 5 and acceptance number c = 1, will be the proportion of defective items (0.01, 0.029), and the acceptance probability (0.99, 0.995) at K = 0.01.
Real Life Example
In this section, we will discuss the application of the proposed sampling plan using real data selected from [28] and [29] . As mentioned above, the BS distribution is also known as the fatigue life distribution. It is used extensively in reliability applications to model failure times. The BS distribution is used in circumstances where occurring of events is independent of each other, from one cycle to another cycle, with same random distribution [29] . In this study, the failure life data given in Reference [28] is used. The authors of Reference [28] found that the data follow the BS distribution. The fatigue life data of aluminum coupons having n = 101 observations are shown in Table 1 . We assume that data follows the BS distribution, the proportion of defective items p is fuzzy and the shape parameter is taken as the trapezoidal fuzzy number,α = (0.15, 0.16, 0.17, 0.18). When the actual mean is µ 0 = 134, the termination ratio a = 0.5 is then truncated, time will be t = 67 for c = 0, and at µ 0 µ T = 1, the proportion of defective items is p = 0.0211673. The acceptance probabilities are calculated by using Equations (9) and (10), for different sample sizes n = (5,25,75,100) and K = (0.0, 0.01,0.02, 0.03, 0.04, 0.05). The fuzzy OC curve is designed using fuzzy p values and fuzzy acceptance probabilities for c = 0. Similarly, when µ 0 = 134, termination ratio a = 0.67 is then truncated, time will be t = 89.7 for c = 1. In this case, acceptance number c = 1, and µ 0 µ T = 1, p = 0.01923. The acceptance probabilities are calculated using Equation (11) for different sample sizes n = (5,25,75,100) and K = (0.0, 0.01, 0.02, 0.03, 0.04, 0.05). The fuzzy OC curve is developed using p values and acceptance probabilities for c = 1. Fuzzy acceptance probability for Birnbaum-Saunders distribution is presented in Tables 2 and 3 using real life data and their respective fuzzy OC curves are shown in Figures 1-3 . Entire calculations and graphs were completed using R software and codes were given in Appendix A. Acceptance probability is influenced by mean ratio, when mean ratio increases it reduces Uuncertainty and bandwidth of fuzzy OC curve become narrow while decreasing mean ration increases the width of fuzzy OC curve. The fuzzy OC curves show more convexity when sample size n increases. Fuzzy OC curve with c = 0 shows less uncertainty than c = 1. We presented acceptance probabilities and fuzzy OC curves with c = 0, it is almost equal to conventional OC curve. The fuzzy OC curve for c = 0 and c = 1 is more convex at large sample size as compared to small sample size. 
Conclusions
Acceptance sampling is one of the important aspects of statistical quality control. When the data follow the Birnbaum-Saunders distribution and the proportion of defective items is fuzzy, acceptance probability and the OC curve can be presented in a fuzzy form. In this article, the fuzzy OC curve of the Birnbaum-Saunders distribution is presented in a single acceptance sampling plan, using the binomial distribution. The fuzzy OC curve has a band with two bounds, lower and upper. The width of the band depends upon the uncertainty in the proportion of defective items in the fuzzy environment. Less uncertainty will give a narrow width. The fuzzy OC curves also show more convexity at a large sample size. The mean ratio in the Birnbaum-Saunders distribution is another important factor in quality. Here, a lower value of the mean ratio causes the width of the band of the fuzzy OC curve to increase. This indicates more uncertainty. The advantage of this approach is that it can be used to calculate the proportion of defective items when fuzzy data follows a BirnbaumSaunders distribution, because mostly we assume the value of the proportion of defective items without using any distribution. Secondly, the fuzzy acceptance probability based on the BirnbaumSaunders distribution is calculated. The fuzzy OC curve of the Birnbaum-Saunders distribution is constructed based on fuzzy p and the acceptance probability. The OC curve is more convex at large sample sizes, as compared to small sample sizes. It was concluded that when data followed the Birnbaum-Saunders distribution, this proposed approach was suitable to calculate the proportion (p), the acceptance probability, and the OC curve in both conventional and fuzzy form. In the future, we will apply the same concept to group acceptance sampling and chain acceptance sampling in a fuzzy environment. Funding: This research received no funding.
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